Q Research Archive of

Rising Scholars (preprint) Where bright minds share their learnings

Methods, Transformations, and Visualizations of Reference Frames in
Orbital Mechanics

By: Riya Srivastava

Abstract

This investigation explores planetary motion within the solar system, with a focus on
mapping these movements using principles from physics and engineering. It centers around
modeling the trajectories of planets while accounting for different frames of reference, including
the rotational effects of Earth. Concepts such as vectors, Kepler’s laws, and Newton’s laws of
motion provide the scientific basis of the research, implemented by Python, which is used to
map out these orbital dynamics. Using a two-body gravitational model and standard
moving-frame relations, coordinate shifts are implemented via rotation matrices to map
planetary motion consistently across frames. Simulations provide 2D orbit plots and 3D
visualizations employing right ascension and declination to contextualize spatial relationships
and viewing geometry. Results highlight that no single frame is universally best, each is suited to
specific questions and operations. Heliocentric perspectives align naturally with Kepler’s laws
while Earth-fixed and observer-fixed frames illuminate observational phenomena and

operational viewpoints relevant to tracking, navigation, and local sensing.

Motivation and Background

Reference frames are now used by modern-day scientists for projects unfathomable to
those involved in the creation of reference frames. Although frames were not directly created by

these historical figures, the knowledge gained fueled the concept.
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Claudius Ptolemy was an Alexandrian mathematician, astronomer, and geographer [1].
He is best known for discovering the geocentric model of the solar system, establishing Earth as
the center point around which all other planets revolved [2]. For 1,500 years, beginning in the
2nd Century CE, this was the widely accepted theory for the layout of the universe. However, his
idea was fueled mainly by religious ideology that humanity was at the center of the universe.
Today, this theory has been debunked, as the solar system is on the outskirts of the Milky Way,
a galaxy nowhere near the exact center of the universe.

The discrepancies regarding Ptolemy’s solar system became more and more apparent as
advancements were made in telescopes. Planetary orbits were based on the geocentric model
of the universe. Orbits look considerably more different from Earth than they do from the Sun,
which is the true center of the solar system. Predictions made regarding a planet’s location,
however, were based on a geocentric layout of the solar system and were therefore incorrect
compared to what astronomers really saw in the night sky. Simply mapping out the solar system
from Earth’s perspective is not the same as mapping out the solar system as though Earth is at
the center. That would require the Sun to be in orbit, which it is not, being a stationary celestial
object around which every other planet revolves. The Earth does not have the gravitational pull
required to keep all the planets, let alone the Sun, in its own orbit.

Nicholas Copernicus was a scientist born long after Ptolomey’s time, around when these
technological developments occurred, and he wondered about the differences between
predicted orbits and actual orbits, along with many other astronomers. Eventually, in 1543, he
published a book detailing his theory of the solar system. His layout was a heliocentric model,
placing the Sun at the center of the solar system while all the other planets orbited around it [3].
His theory was so radical for the time, so much so that his book was published posthumously,
as to propose an idea so different compared to the understanding of the universe would have
cast him out of society. However, his ideas gained popularity amongst scientists, and things
slowly started to shift. Today, the heliocentric model of the universe is used by all, a testament to

the indelible mark left by Copernicus’s findings.
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A reference frame is a vantage point of the universe. Each frame is created based on
sets of coordinates through which the positions and velocities of objects in a frame are
determined [4]. These coordinates are set by rotation matrices, which are altered by
mathematical equations to shift between different frames. These frames chart the positions of
planets on the coordinate plane, made by rotation matrices, effectively delivering a clear model
of the solar system from a variety of different viewpoints. This knowledge is put to use by Space

Domain Awareness and Space Traffic Management to keep track of satellites and space debris

[5].

While there are several different types of reference frames, some are better used for
certain purposes than others. Therefore, it's important to understand the differences between
each frame to choose the one best suited for gathering the desired information. This critical
thinking is often used by scientists to determine which frame is most useful for one project, and

which would be more helpful with another.

Kepler’s three laws of planetary motion further provide guidelines for selecting the right
reference frame. Johannes Kepler was a German mathematician who grew up in Austria before
getting to work with astronomer Tycho Brahe in Prague. In his research, he discovered that
planets did not revolve around the sun in a circular orbit, but rather in an elliptical one. With this
knowledge, Kepler would embark on a series of scientific discoveries that would render Brahe’s

work obsolete [6].

Kepler’s first law describes each planet’s orbit around the Sun as an ellipse, and states
that the Sun is at one focal point of the ellipse. This means that, as the planet revolves, its
distance from the Sun changes constantly. Kepler’s second law states that a planet’s speed
changes as it progresses along its orbit. When it’s closest to the Sun, a point known as
perihelion, the planet begins to speed up. The point where it’s furthest from the Sun is called
aphelion, where the planet slows down. Finally, Kepler’s third law says that the square of a
planet's orbital period is directly proportional to the cube of its average distance from the Sun.
Therefore, the period a planet takes to fully revolve around the Sun increases with the radius of
its orbit. Kepler’s laws rely on a heliocentric understanding of the universe, making this layout

the most suitable in order to accurately represent these laws.



Q Research Archive of

Rising Scholars (preprint) Where bright minds share their learnings

Reference frames are continuously used by astronomers, engineers, and space
agencies like NASA to observe the solar system. Switching between frames requires
mathematical precision to obtain the best data and make the most accurate measurements.
While reference frames are mathematical tools in this sense, they are also the mode through

which the universe is observed, further increasing the importance of using the right frame.
Methods

Simulations help build a general layout of each frame and visually establish the orbits of
chosen planets. To map out different frames, it is necessary to switch between rotation matrices
using precise mathematical equations responsible for predicting the movement of celestial

objects under the influence of gravity. The governing equations for gravitational acceleration,

= G(m1+m2) _

3
T

(1)

are incorporated in vector form, where G is the gravitational constant, m, and m, represent the

masses of the two bodies, and r is the magnitude of the position vector between the two bodies
[7]. In this model, the mass of the smaller body is neglected as it is significantly smaller than the

mass of the central body (i.e., the Sun).
The standard equation for a moving coordinate frame,

sz—u(t—TO)
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is used for a reference frame moving at a constant velocity. This equation is useful for
translating the origin over time. In this context, € is the coordinate in the moving frame, x is the
coordinate in the original frame, u is the relative velocity between frames, t is the time duration,

and T0 is the offset time. This is the standard equation for shifting the coordinate frame and

adjusting it over a set period of time. This helps transition between reference frames or move

around within the frame itself.

The simulations were used as a tool for exploring the four main reference frames. First is
the inertial frame, which exemplifies Newton’s First Law of Motion. An inertial reference frame
does not accelerate. The objects may be at rest or moving at a constant velocity, but they will
not slow down or speed up [8]. This frame is essential as it provides a framework against which

planetary motion can be analyzed and compared.

Next is the J2000 inertial frame, commonly used in orbital mechanics and spacecraft
navigation. It is based on Earth’s orientation at noon on January 1, 2000, providing a stable and
consistent reference point for observations [9]. The origin of the coordinate plane is fixed on
Earth’s center, making this frame the standard frame for orbital mechanics. As itis a
non-rotating frame, it is generally used as a default against which other reference frames can be

compared.

The geocentric frame, which is fixed to the Earth’s center, is useful for seeing the solar
system through the perspective of Earth as a whole [10]. It is primarily used for applications
considering objects near Earth. It differs from the inertial frames because, within this frame,
Earth is in motion. It is also a three-dimensional frame, and useful for specific applications that
require Earth’s rotation when making calculations. However, it becomes more complex when

applied to large-scale astronomy, which encompasses the entire solar system.
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The topocentric frame, tied to the location of a specific observer on Earth’s surface,
captured the appearance of planetary motion to an individual at a given time [11]. It's also a
non-inertial frame, because its axes rotate along with the Earth. This frame is ideal for scenarios
regarding local measurement and relative motion on or near a planetary body. Some examples
of its use include telecommunications, where it aids ground-based antennas in tracking and
communicating with satellites. It's also used to describe the motion of aircraft in relation to the

ground and local surroundings. In this scenario, it helps analyze takeoff, landing, and navigation.

The simulated trajectories were a tool used to track the motion of planets in each
reference frame. For instance, the Earth-Sun system. This system was first modeled to establish
a baseline for heliocentric motion, then expanded to include the trajectories of other planets
relative to the Sun. Essentially, this simulation began by charting Earth’s trajectory alone relative
to the Sun, using that to fully understand how heliocentric movement of the planets worked.
After, more planets were added. As all planets have slightly different orbits, it's important to first
start with one to gain an idea of what that one orbit looks like. When adding more planets, slight
variations will be seen, but generally, each orbit will be similar to the initial one. One planet
emphasized was Mars, which rotates differently than Earth from both a geographic and
topographic perspective. By comparing the two orbits, it becomes clearer to see why planets

seem to move backwards in the night sky despite orbiting properly around the Sun.

To support this analysis, visualization tools were used to generate orbital diagrams and
trajectory plots. These visuals provided a way to directly compare how planetary paths differ
depending on the frame of reference. By comparing and contrasting the heliocentric orbits, the
geocentric orbits, and the topocentric orbits, the observational challenges of switching between
frames were illustrated. Orientation is key when it comes to switching between frames.
Understanding the differences between each frame is especially important so as not to lose
track of positioning and perspective. It's also important to know what each frame has to offer to
gain the information necessary. Each frame has its own purpose and is useful for some things
more than others, so it's good to be able to choose which to focus on when need be. These
simulations helped reinforce that, while planetary motion is consistent, the way it is described

and the way that information is utilized depends on the reference frame chosen to analyze.



Q Research Archive of

Rising Scholars (preprint) Where bright minds share their learnings

Results

The simulations were carefully developed to map out planetary motion and rotation within
four main reference frames. Each model was designed to replicate the trajectories of various
planets within the solar system, highlighting the differences in the same orbits from frame to
frame. Each simulation was created using precise mathematical formulas that helped shift

between frames.

To accomplish this, the orbital positions and velocities of the planets were calculated over
a set time interval, which could either be shortened or elongated, ensuring that the simulations
portrayed both short-term motion and longer patterns of orbit. These particular simulations were

mapped out anywhere from a 24-hour period to a year-long revolution.

The first major simulation took place in the inertial frame and focused on the interaction
between the Earth and Sun from this perspective. This frame models Newton’s law, where
objects remain at rest unless acted upon by an external force [12]. Within this simulation, the
Earth’s orbit around the Sun was displayed by calculating position and velocity vectors,
displaying the regularity of its orbital path. The use of this frame allowed observers to clearly
recognize how Earth’s revolution proceeds without the challenges of Earth-based observational
distortions, like its axial tilt. This model served as both a baseline and a reference point for the

additional simulations.
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Figure 1: The trajectories of Venus and Mars from the Earth-centered rotating frame

The second simulation extended the scope of this investigation by including Mars in
addition to Earth, while still using the J2000 inertial frame. This frame is commonly used in
astronomical studies as a baseline for other orbital paths to be measured against. The goal is to
compare two planetary orbits when both were represented relative to the same fixed standard.
The orbital relationship between Earth and Mars was depicted by simultaneously plotting their
positions and velocities over time. By showing this side-by-side comparison, the differences in
orbital period, speed, and eccentricity are much more stark, allowing for representation in the
dynamics of neighboring planets. It also serves to demonstrate how different Earth and Mars
are, and causes one to wonder about how different the orbits of other planets are in comparison.

In addition to both inertial frames, the geocentric frame provided a perspective fixed to
Earth’s center. Unlike the other frames, the geocentric frame treats Earth as the point of
reference for observing celestial dynamics. Within this system, the motions of the planets in the
solar system can be represented in a way that resembles what is observed from Earth-based

astronomy.
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This is similar to the ancient layout of the solar system, or what the solar system was
believed to look like in the earlier days of astronomy. This idea of the solar system placed Earth
as the center point around which all planets revolved. That is what this model achieves. The
geocentric model clearly displays how the Sun appears to move around Earth in a yearly cycle.
Additionally, it helps see how the Moon and the other planets trace more complex paths due to
their own orbital motions. This perspective is valuable for connecting modern discoveries back
to historical astronomical observations, since much of early astronomy was based on Ptolemy’s

geocentric layout of the solar system.

The topocentric frames went one step further by displaying a viewpoint centered on a
specific location on Earth’s surface. This frame accounts for a certain point’s latitude and
longitude, making it the perfect frame for understanding what a person on Earth’s surface would
see when looking at the sky from a given place. Within the topocentric frame, planetary orbits as
seen from Earth can be visualized. This perspective bridges the gap between abstract orbital
mechanics and the human experience of stargazing on Earth or conducting ground-based
astronomical observations. While other frames depict how orbits look in the solar system itself,
this frame explains how scientists and astronomers view the sky, and demonstrates the

perspective they use to gain information used for scientific research.
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Figure 2: The trajectories of Mars and Venus measured in the Earth-centered J2000

frame.

The inertial model served as a baseline against which both the geocentric and
topocentric frames could be compared. The simulations offered a visualization of abstract orbital
mechanics, putting rotation matrices and equations to use. Shifting between these frames
showed the process of going from the large-scale vantage point of the mechanics of celestial

bodies to narrowing the viewpoint to that of an observer bound to Earth.

To move beyond a single perspective, the study also implemented transformations
between different frames of reference. These transformations were carried out using rotation
matrices, which provided a mathematical method for shifting between the coordinate systems
determined by rotation matrices. Starting with the matrices of the inertial frame, mathematical
equations were applied to transition the simulations from one frame to another, accurately
representing orbital paths. As seen by these visualizations, no single frame is “better” or “more
valuable” than another. Rather, each frame has its own use and can be best applied to particular
situations more so than others.

10
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The outputs of these simulations were generated as both two-dimensional and
three-dimensional visualizations. The two-dimensional plots provided clear, easily interpretable
diagrams of orbital paths, enabling quick comparisons across different bodies and frames.
These focused mainly on the trajectories of the planets and their orbital paths. By using
two-dimensional models, it's easier to immediately see the differences and similarities in their

orbits. It’s helpful for directly comparing Earth’s orbit to Mars’s orbit.

The three-dimensional models offered a more immersive view of planetary motion. By
reading three-dimensional models, it was easier to put orbital paths in context of location and
the position of planets. This was useful for providing a layout of the solar system and capturing
spatial relationships that are more difficult to map out on a flat plane. Understanding the
differences in orbits is important, and it is very achievable with a two-dimensional model, but
actually putting that knowledge in context and visualizing how such orbits look in reality is the

final piece of the puzzle, and it helps progress scientific research.

Three-dimensional models use right ascension and declination angles, which are
essentially celestial coordinates, similar to latitude and longitude used on Earth. The equator
used in this situation is the celestial equator. The celestial equator is the Earth’s equator
projected onto the sky, and has a declination of zero degrees [13]. Declination is the equivalent
of latitude, and measures an object’s distance north or south of the celestial equator in degrees,
minutes, and seconds. Ascension is equivalent to longitude and measures an object’s distance
east or west of the celestial equator in hours, minutes, and seconds. Its starting point is the

vernal equinox, where the Sun crosses the celestial equator in the spring.

11
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Figure 3: Right ascension and declination of Mars observations measured in the Earth

geocentric frame.

These visualizations allowed for direct comparison of orbital patterns under different
frames, opening up the concepts to specialists and non-specialists alike. What they provided
was a visualization of reference frames, a concept that can be considered abstract when
thought of in terms of rotation matrices and equations. It’s difficult to picture the drastic effects
mathematics can have on how the solar system is perceived. The simulations bridged the gap
between abstract thinking by putting theory into practice. By creating a visual model of each
frame, the difference between each one becomes clear. It helps to understand what each frame
has to offer, but also that each frame is equally important. It’s valuable to have multiple views of
the solar system to understand it better. While it is hard to travel the solar system and gain a
naked-eye view of the planets in motion, some semblance of that can be achieved through
reference frames, which provide various angles through which the solar system can be

understood and investigated.

Conclusion

To conclude, reference frames are one of the most important pieces of investigating the
solar system, mapping out flight paths or space expeditions, and simply having a solid

understanding of the solar system to use for research. This study provided a visual

12
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representation of reference frames, which can be an abstract concept when only viewed in
terms of mathematical equations. In practice, reference frames are a valuable tool that the
universe couldn’t be understood without. The ability to accurately switch between different
perspectives allows scientists to view all possible angles of the solar system without having to

leave Earth.

This study also demonstrated the importance of utilizing the correct equations when it
comes to switching between different frames. It's an intricate process vital for experiments and
exploring the universe. Without reference frames, it's impossible to view planets from any other
perspective aside from what is seen standing on Earth, looking up at the night sky. While this
viewpoint is a reference frame itself, it's also important to see the solar system in multiple ways
to gain more information and understanding. It’s incredibly limiting to only ever see the solar

system in one perspective.

Not only did this study establish the importance of reference frames, but it also made
frames more accessible to specialists and non-specialists alike. By offering a visual aid for
viewing the shift in perspectives, as well as a graph to properly see the course charted by
planets in different frames, the concept of reference frames was made more tangible. It also
showcased the major differences between each frame. While some may conclude that the shifts
can’t be so dramatic, since the celestial objects in question remain as they are, seeing the
actual motion of planets as they spin through space proves otherwise. There are big differences
between seeing Mars from Earth and seeing it from the Sun. By creating visual diagrams,
reference frames were made less abstract and more accessible to those without specialized

scientific knowledge.

Overall, reference frames remain an important part of space exploration. Aside from
allowing scientists to recognize debris surrounding Earth, reference frames enable scientists to
chart flight paths, as they have an accurate representation of any obstacles and how to avoid
them. Reference frames also enable engineers building spacecrafts to alter their designs based
on any special circumstances regarding the flight path. Essentially, reference frames are what

are used to map out the universe. Without this tool, it would be harder to obtain the correct

13
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layout of the solar system, let alone the vastness beyond it. Reference frames are used to

understand the world outside Earth, and they will continue to serve that purpose.

14
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